In this paper we analyze the influence of productivity differentials in the dynamics of the real dollar-euro exchange rate. Using nonlinear procedures for the estimation and testing of ESTAR models during the period 1970-2006 we find that the dollar-euro real exchange rate shows nonlinear mean reversion towards the productivity differential fundamental. This fundamental does not only matter for the real exchange rate within each regime, but also drives changes between regimes. In addition, we provide evidence about the ability of the productivity differential to capture the overvaluation and undervaluation of the dollar against the euro.
Introduction
The purchasing power parity (PPP) theory postulates that national price levels should be equal when expressed in a common currency. Since the real exchange rate is the nominal exchange rate adjusted for relative national price levels, variations in the real exchange rate represent deviations from PPP. It has become something of a stylized fact that the PPP does not hold continuously, reflecting that deviations of spot exchange rates away from PPP are persistent, consistent with a unit root or near-unit root behavior of the real exchange rates. The persistent divergence from equilibrium causes that linear PPP-based fundamentals exchange rates models do not perform well in predicting or explaining future or past exchange rate movements (Frankel and Rose, 1995 , Taylor, 1995 , Sarno and Taylor, 2002 . Other authors still believe that some form of PPP does in fact hold at least as a long run relationship (MacDonald, 1999 (MacDonald, , 2004 . The issue of whether the real exchange rate tends to revert towards a long-run equilibrium has been a topic of considerable debate in the literature (e.g. Lothian and Taylor, 1996 , Lothian and Taylor, 1997 , and Taylor and Taylor 2004 . Panel unit root and long-run studies have reported favourable evidence to parity reversion (see Taylor, 1995 , for a survey), however, as pointed out by Rogoff (1996) , it is impossible to reconcile the high short-term volatility of real exchange rates with the slow rate at which shocks in the real exchange rate appear to die out in those studies. This conclusion, known as the PPP-Puzzle, constitutes one of the most controvertial issues related to real exchange rates.
The relatively recent literature on nonlinearities and exchange rates can be considered a possible solution to such puzzles. Taylor, Peel and Sarno (2001) and Kilian and Taylor (2003) argue that allowing for nonlinearities in real exchange rate adjustment are key both to detect mean reversion in the real exchange rate and to solve the PPP-puzzle. Following their argument, the further away the real exchange rate is from its long-run equilibrium, the stronger will be the forces driving it back towards equilibrium. Another way to reconsider the linear PPP-based models is to integrate in this basic model the impact of shocks coming from real variables. Thus, persistent shocks might be supply-related and incorporate, for example, the Harrod-BalassaSamuelson (HBS) effect which postulates that productivity shocks affect the equilibrium real exchange rate. From the empirical evidence, it seems that the productivity differential plays a very important role in explaining some real exchange rate movements. Alquist and Chinn (2002) find supporting evidence for the productivity differential as the most important fundamental that explains the behavior of the real dollar-euro exchange rate since the mid 1980s. Furthermore, they argue that the magnitude of the correlation between the two variables is much larger than what would predict the HBS effect. Camarero, Ordóñez and Tamarit (2002) have also estimated a longrun model for the euro-dollar exchange rate, finding that the main factor explaining the dynamic adjustment in the error correction model is again the productivity differential. In contrast, Schnatz et al. (2004) find that although the productivity differential is an important determinant of the real dollar-euro exchange rate, its ability to explain the real depreciation of the euro in the late nineties is very limited.
In this paper we focus on testing for and estimating some form of nonlinear adjustment in the real dollar-euro exchange rate towards the productivity fundamental. The purpose of the analysis is to check the ability of the productivity differential to capture the euro-dollar exchange rate behavior. With this aim, we consider a nonlinear model that incorporates the productivity differential as a transition variable for the real exchange rate. As a previous step, we compare the productivity differential against other fundamentals to assess whether the former is the main factor explaining the dollar-euro real exchange rate dynamics.
The remainder of this paper is organized as follows. Section 2 briefly describes the methodology used in the empirical analysis. In Section 3 we present the data, as well as the estimated linear model, which will constitute the starting point of the modelling methodology. In Section 4 we describe the estimated nonlinear model and analyze the adjustment of the real exchange rate towards its productivity fundamental. The last section concludes.
Methodology
A number of authors have reported evidence of nonlinear adjustment in the real exchange rate 1 . Such nonlinearities can be modelled using a smooth transition autoregressive (STAR) process, proposed by Granger and Teräsvirta (1993) . In his model, adjustment takes place in every period at a speed of adjustment that varies with the extent of deviation from equilibrium. STAR models can be formulated as follows:
where α,α, γ and c are constant terms; ε t is an i.i.d. error term with zero mean and constant variance σ 2 . The transition function G(y t−d ; γ, c) is continuous and bounded between 0 and 1.
The STAR models can be considered regime-switching models that allow for two regimes associated with the extreme values of the transition function G(y t−d ; γ, c) = 1 and G(y t−d ; γ, c) = 0, where the transition between these two regimes is smooth.
A very popular transition function used to model real exchange rates is the exponential function suggested by Granger and Teräsvirta (1993) :
where c is the equilibrium level of {y t } and γ the transition parameter, which determines the speed of transition between the two extreme regimes, with higher values of γ implying faster transition.
Putting (1) into (2) we obtain an exponential STAR or ESTAR model. The exponential function is symmetric and U-shaped around zero. The ES-TAR model collapses to a linear AR(p) model for either γ → 0 or γ → ∞, and it is therefore useful to capture symmetric adjustment of the endogenous variable above and below the equilibrium level. Symmetric adjustment is a necessary condition to hold in order to model real exchange rates, because otherwise it is difficult to think of any economic reasons why the speed of adjustment of the real exchange rate should vary according to whether one currency is overvalued or undervalued.
In our research, we will use the procedure suggested by Granger and Teräsvirta (1993) and Teräsvirta (1994) for the specification and estimation of parametric STAR models. Their technique consists of the "specificto-general" strategy for building nonlinear time series models suggested by Granger (1993) In order to test for linearity against STAR alternatives Luukkonen et al. (1988) and Teräsvirta (1994) suggest a sequence of tests based on the 4 estimation of the following auxiliary regression: (3) Once nonlinearities are proved to be significant, the adequacy of the estimated STAR model can be evaluated using the tests suggested by Eitrheim and Teräsvirta (1996) . They proposed three LM tests for the hypotheses of no error autocorrelation, no remaining nonlinearity and parameter constancy.
Data and linear estimation
The data is quarterly and covers the period 1970:Q1 to 2006:Q4. We use the series from Camarero, Ordóñez and Tamarit (2005) for the nominal (synthetic) dollar-euro exchange rate data for the period 1970:Q1 to 1997:Q4 and from the European Central Bank Monthly Bulletin for the rest of the sample. The real dollar-euro exchange rate is computed using consumer price indices. CPI-data are obtained from the OECD Main Economic Indicators 2 van Dijk et al. (2002) also proposed another linearity test based on a first order Taylor approximation of the transition function around γ = 0. This test statistic is denoted LM 1 and has an asymptotic χ 2 distribution with (p + 1) degrees of freedom under the null of linearity. These authors also suggest another version of the LM 3 statistic, which can be obtained by augmenting the auxiliary regression in the first-order Taylor expansion with regressors y Figure 1 displays both the logarithm of the real dollar-euro exchange rate and the logarithm of the productivity differential. As pointed out by Alquist and Chinn (2002) there seems to be a strong negative correlation between these two series. For this reason, it would be interesting to analyze how movements in the productivity differential affect the dynamics of the real dollar-euro exchange rate.
In order to do so and to start with the estimation and evaluation procedure, we first test whether the real exchange rate behavior can be properly captured by a linear autoregressive model. To this purpose, we estimate an AR model with a lag length of one year.
4 Table 1 contains the estimated model, as well as its corresponding diagnostic tests. From the results, the model does not present any specification problems and therefore, it still cannot be discarded as a possible alternative for modelling the real dollar-euro exchange rate.
Nonlinear estimation results
The next step in the modelling process is to select the transition variable. Table 2 presents the test statistics for testing for linearity against STAR nonlinearity. We present linearity test for five exchange rates fundamentals to asses which one is the most suitable as a transition variable. The suggested fundamentals are the labor productivity differential between the US and the euro-zone (prod t ), the differential in public expenditure (exp t ), the differential in foreign asset position (nf a t ), the relative oil dependence (oil t ) and, finally, the real interest rate difference (int t )
5 . In order to choose 3 The choice of the countries used for aggregation is mainly due to problems of data availability. However, even if we consider only four countries, Germany, France, Italy and Spain account for over 80% of the euro-area GDP.
4 The order of the lag has been determined by excluding the statistically insignificant lags of higher order, starting with a lag of 8.
5 Data consists of an updated version of those used in Camarero, Ordóñez and Tamarit (2002) . A detailed description of the variables can be found in appendix A.
the transition variable within these five fundamentals, we follow the procedure proposed by Teräsvirta (1994) . According to him, the appropriate transition variable in the STAR model can be determined by computing the LM 3 statistic for some candidate transition variables, and selecting the one with the lowest p-value. In general, the productivity differential presents for all lags the lowest p-values with both the standard linearity test and its heteroskedasticity corrected version. We therefore select the productivity differential as our transition variable. Next we need to choose the lag length for this variable. Using the same procedure as before we select ∆prod t−3 as the transition variable for the model. Table 3 presents the estimated ESTAR model as well as a series of misspecification tests suggested by Eitrheim and Teräsvirta (1996) . The results show the existence of two real exchange rate regimes, one of which is stationary, with the real exchange rate error correcting, whereas in the other one the real exchange presents a near unit root behaviour. Both regimes are conditioned to different values of the transition function, where the stationary one comprises the values 0 ≤ G( x t−3 ;γ,ĉ) ≤ 0.7, whereas the near unit root regime is defined for the values 0.7 ≤ G( x t−3 ;γ,ĉ) ≤ 1. Figure  2 shows both the logarithm of the real dollar-euro exchange rate and the estimated transition function 6 . Here, one can observe that the transition function stays most of the time in the near unit root regime, so that the real exchange rate shows a high degree of persistence. However, large real exchange rate deviations from its fundamental, in either direction, activate the transition mechanism, which impinges the real exchange rate towards its long run equilibrium level.
7 The high value of the estimated transition parameterγ (20.132) indicates that this adjustment occurs rapidly. It also becomes stronger as the deviation from equilibrium increases, and palliates once the series approaches its long run equilibrium level, that is, when it enters the near unit root regime.
The results of the misspecification tests in Table 3 suggest that the model is well specified since there is no evidence of either autocorrelation or heteroskedasticity. The adequacy of the model is also proved through the evaluation tests proposed by Eithreim and Teräsvirta (1996) . The statistics LM C1 , LM C2 and LM C3 test for parameter constancy under a parametric alternative, which explicitly allows the parameters to change smoothly over time. The LM C1 and LM C2 statistics allow for a smooth monotonic and a non-monotonic change respectively, whereas LM C3 considers both possibilities. According to the results, all possible nonconstancies in the parameters have been properly captured by our model. In addition, the tests for non remaining nonlinearity indicate that there are no nonlinearities of STAR type in the data which have not been captured by the model. Finally, similar tests have also been applied to the variance, showing satisfactory results for the two types of misspecification.
To conclude with the results of the estimation procedure, we test whether the estimated ESTAR model can beat the ability of the estimated linear model in terms of out-of-sample forecasting. The relative forecast performance can also be used as a model selection criterion and thus, as a way to evaluate the estimated models.
We use the data from 2004:Q2 up to 2006:Q4 to evaluate the forecasting performance of the estimated AR and ESTAR models. The results of the forecasting procedure are shown in Table 4 . We compute 1 to 4 steps ahead forecasts from the estimated linear AR model and the ESTAR model. The forecast evaluation criteria shown in Table 4 are based upon the entire forecast period, that is, they are not conditioned to the value of the transition function G(x t−3 ,γ,ĉ). The forecasting accuracy is evaluated using the mean prediction error (MPE) and the mean squared prediction error (MSPE). The results of both criteria show that the ESTAR model offers better forecast performance than the AR model and thus, our estimated ESTAR model is preferred to the linear one for the estimation of the real dollar-euro exchange rate.
Finally, with the estimated transition function it is possible to obtain the degree of over-or undervaluation of the dollar relative to the euro according to the productivity fundamental. Taylor and Peel (2000) propose a series of transformations to the transition function, which allow to assess whether the dollar is overvalued or undervalued.
8 Figure 3 displays the time series plot of the transformed transition function, as well as the logarithm of the real dollar-euro exchange rate. Values above the horizontal axis indicate dollar undervaluation and those below it show dollar overvaluation. From our results, it appears that the dollar has been most of the time undervalued against the (synthetic) euro. However, following the path described by the logarithm of the real dollar-euro exchange rate there are two cases of strong dollar appreciation, where our estimated model also indicates dollar overvaluation. The first one starts in 1981 and reverts in 1986 with the Plaza Agreement (1985) and the Louvre Accord (1987) . The other one runs from 1999 to 2002, coinciding with the first three years after the introduction of the euro and giving rise to an interesting debate in the empirical literature of exchange rates (De Grauwe (2000) , Meredith (2001) , Alquist and Chinn (2002) , Schnatz et al. (2004) ). The fact that our model captures well these two important episodes, which characterized the real dollar-euro exchange rate during our sample period, highlights the importance of the nonlinear models against the linear ones, as well as the robustness of our estimated model.
Conclusion
In this paper we estimate a nonlinear model for the real dollar-euro exchange rate determination based on the productivity differential. As demonstrated in the empirical literature on exchange rates, nonlinear models offer satisfactory results in dealing with some of the real exchange rate puzzles, so that they are able to explain the persistent behavior of the real dollar-euro exchange rate.
Using quarterly data on the dollar-euro exchange rate and the associated productivity differential for the period 1970:Q1 to 2006:Q4, we find evidence of nonlinearities in the dynamics of the exchange rate. These nonlinearities, which are of the form of an exponential smooth transition model, allow real dollar-euro exchange rate deviations from equilibrium to be consistent with the productivity fundamental, despite the apparent persistent behavior of the series. We have also considered other economic fundamentals proposed in the real exchange rate literature. However, the productivity differential turned out to be the adequate transition variable. Our results also indicate that the nonlinear model offers better forecasting performance than the linear one, and thus, it must be preferred to the linear model in order to estimate the real exchange rate.
In addition, the transformed transition function is able to capture the well-established dollar overvaluation in the mid 1980s and the weakness of the euro after its introduction in 1999. This fact reinforces the idea that the productivity differential is an adequate explanation of the behavior of the real dollar-euro exchange rate and that volatility in exchange rates should not be directly associated with disconnection from fundamentals. and Finance, vol. 19, pp. 33-53. Taylor, M. P., D.A. Peel and L. Sarno (2001) : "Nonlinear mean-reversion in real exchange rates: toward a solution to the purchasing power parity puzzles", International Economic Review, vol. 42, pp. 1015 -1042 . Teräsvirta, T. (1994 : "Specification, estimation and evaluation of smooth transition autoregressive models", Journal of the American Statistical Association, vol. 89, pp. 208-18. van Dijk, D., T. Teräsvirta and P. H. Franses (2002) : "Smooth transition autoregressive models-A survey of recent developments", Econometric Reviews, vol. 21, . Note: p-values of F variants of the LM-type tests for STAR nonlinearity for labor productivity differential between the US and the euro-zone (prod), the public expenditure differential (exp), the foreign assets differential (nf a), the relative oil dependence (oil) and the real interest rate differential (int). For a brief description of the test statistics see Section 2. 
